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Abstract Maxwell’s theorem and the concept of stigmatic
transformations that appear in the theory of geometrical
optics are extended to the intrinsic reaction coordinate
model when it is applied to the specific case of narcissistic
reactions.

'\“‘:{—-@
Keywords Reaction path - Narcissistic reaction -

Chirality measures - Chiral path - Helicenes

M. Llunell (P<)) - P. Alemany

Departament de Quimica Fisica, Institut de Quimica Teorica
i Computacional (IQTC), Universitat de Barcelona,

Marti i Franques, 1-11, 08028 Barcelona, Catalonia, Spain
e-mail: llunell @ub.edu

J. M. Bofill

Departament de Quimica Organica, Institut de Quimica Teorica
i Computacional (IQTC), Universitat de Barcelona,

Marti i Franques, 1-11, 08028 Barcelona, Catalonia, Spain

1 Introduction

Mirrors are the oldest optical devices known by humanity.
The simplest case is a planar mirror; this device creates
images of objects lying in front of it. These images appear
to be behind the plane in which the mirror lies. A close
inspection shows that the mirror image has the same size as
the original object, yet is different from it unless the object
has reflection symmetry. The relation between an object
and its image reflected on a planar mirror is well known
and satisfactorily described within the theory of geomet-
rical or ray optics.

In chemistry, enantiomers of a molecular structure are
stereoisomers that are nonsuperimposable complete mirror
images of each other. From the development of a coherent
theory of stereochemistry, the general relation between
enantiomeric molecular structures has been the object of
particular attention [1]. The study of enantiomerization
pathways, that is the paths of reactions, which take us from a
given molecular structure to that of its enantiomer, has a
crucial importance in many processes of molecular synthe-
sis. Reactions in which their mechanisms can be described as
a pure reflection between reactants and products were termed
by Salem as “narcissistic reactions” [2]. Salem in his ori-
ginal work distinguished between two possible types of
pathways for a narcissistic reaction. In a synchronous path,
the reaction proceeds “through the mirror relating both
enantiomers” with a single point of the path lying exactly on
this mirror. For an enantiomerization, this path is termed
achiral, since it necessarily contains at least one achiral point
(the point on the mirror). On the other hand, the process can
proceed through one of the pair of paths “around the mir-
ror.” In this case, there is the possibility of enantiomerization
through a chiral path, that is, a path joining two enantiomers
for which all points represent chiral structures.
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In the present letter, we analyze the features of both
synchronous and nonsynchronous processes for narcissistic
reactions using the model of the intrinsic reaction coordinate
(IRC) to describe its reaction path. Since the IRC paths
possess a variational nature [3] like that of light rays in
geometrical optics (GO), we will use this analogy to show
that the IRCs describing the mechanism of narcissistic
nonsynchronous reactions must necessarily satisfy a relation
equivalent to that given in Maxwell’s theorem of GO. In the
present context and throughout the article, the meaning of
“variational nature” of a curve is that it makes stationary the
value of an integral evaluated along this curve. In optics, it is
possible to find transformations that transform all light rays
starting at a given point into light rays that pass through the
image of the original point. This kind of transformations is
called stigmatic, and Maxwell showed that every stigmatic
transformation is trivial in the sense that both the object and
its image have the same size. As a matter of fact, the planar
mirror is the only optical instrument that is known to pro-
duce a stigmatic transformation [4]. We will show in the
following section that, if the pathways for a narcissistic
reaction are nonsynchronous and can be described by the
IRC model, it is possible to find a mathematical transfor-
mation with the same behavior of stigmatic transformations
in optics satisfying the Maxwell’s theorem.

2 Formulation of Maxwell’s theorem in the context
of the intrinsic reaction coordinate model

In geometric or ray optics, light propagation is described in
terms of rays. A ray in GO is an abstract object that is
perpendicular to the wavefronts of the actual optical waves.
Rays are bent at the interface between two dissimilar
media, and in the general case, they may be curved in an
anisotropic medium in which the refractive index is a
continuous function of position. The basic law describing
the processes in GO is Fermat’s principle, also known as
the principle of least time, which states that the path taken
between two points by a ray of light is the path that can be
traversed in least time.

From a mathematical point of view, light rays are
extremals of a variational problem: a ray of light starting at
a point x(#y) and ending at a point x(¢) has the property of
minimizing the time required to travel along a regular
curve C that joins these two points. If we consider that the
light rays travel through an anisotropic medium, Fermat’s
principle is formulated mathematically as a stationary path
of the following expression:

t

I(X,X()) Z/F(Xc,).(c)dt, = /f(Xc) XgXC dr (1)

)
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where I(x,X,) is the time needed by the light ray to travel
from point xg = X(#p) to point X = X(f), Xc an arbitrary
point on the path C followed b?/ the ray, f(xc) the refraction
index at this point and (xcxc) 2dr’ = ds the differential of
arc length of the ray.

One of the principal applications of GO is the design of
optical instruments where light waves are processed to
enhance an image for viewing. In an optical instrument, an
incident ray following a path x¢ is transformed in an image
ray described by a path xt. In this context, one of the main
problems in the design of optical instruments consists in
finding transformations that yield a sharp image of an
observed object. A transformation that satisfies this
requirement is said to be stigmatic and an optical instru-
ment that produces a stigmatic transformation is called an
absolute instrument. A result from Maxwell proves that for
any stigmatic transformation the resulting mapping is
trivial, which means that the object and its image have the
same size. This condition is satisfied when the optical
length (or travel time) of a ray curve, I(X,Xg), and that of its
image curve, I(x',x"y), are exactly the same. If we consider
the particular case where the refraction index, f(xc), is
constant along a ray curve and its image curve, as would be
the case for a mapping through a lens system with air at
both sides, then their optical lengths coincide, which is
an example of Maxwell’s theorem. An important case
for the discussion below is a plane mirror, which can be
shown to be an optical instrument producing stigmatic
transformations.

Let us now move to the description of chemical reac-
tions and translate the above results of GO to the reaction
path model. For a chemical reaction, the reaction path (RP)
or minimum energy path (MEP) is a curve located on an N-
dimensional potential energy surface (PES) [5]. An usual
procedure to describe the MEP between two minima on the
PES is to locate first a transition structure connecting both
minima and then find the intrinsic reaction coordinate
(IRC) paths, defined as the steepest descent (SD) curves
connecting a first-order saddle point (the transition struc-
ture) with a stationary point of character minimum
(corresponding to either reactants or products). From a
mathematical point of view, a SD curve can be defined as
the curve that extremalizes the integral functional given in
Eq. 1 where now t, the parameter that characterizes the
arbitrary curve C, is the so-called reaction coordinate,
X = Xc(f) and X = Xx(fp) are two points on the
N-dimensional PES V(x), connected by curve C, X¢c =
dxc/d? is the tangent vector of this curve at the point
xc(), and fixc) = (8" (x0)g(x)"?, with g(x') =VV(X)lx=y
is the energy gradient with respect to the x coordinates at the
point X', and the operator V' = (0/0x,, ..., 0/xy) [6]. By
construction, for any point on an SD curve, Xsp = V4V (Xsp)



Theor Chem Account (2008) 121:279-288

281

must hold. The function fixc) = (gT(xc)g(xc))” 2 represents

the speed law for the curve C propagating through the
PES V(x).

Let us recall that the IRC path is just a particular SD
curve that passes through a first-order saddle point. So,
while there are infinite SD curves departing from a given
minimum on the PES, it can be shown that there is only one
of those reaching the transition structure. On the other
hand, since the integral functional (Eq. 1) defining the SD
curves has the same mathematical structure as that
describing the propagation of light rays in the theory of
GO, we can interpret the SD curves, and in particular the
IRC paths, as light rays moving through an anisotropic
medium with variable “index of refraction,” f(x). It can be
shown that the set of extremal curves of integral (Eq. 1)
with the same origin, X,, cuts transversally (in this case
transversality is equivalent to orthogonality) a set of con-
tour lines with constant potential energy, V(x) = constant.
This behavior is equivalent to the Fermat—-Huyghens prin-
ciple in the construction of wave fronts for the propagation
of light [6]. In this analogy between GO and the IRC
model, the light rays correspond to the SD paths, the ¢
parameter is the arc length for the ray path and the reaction
coordinate for the SD path, and the value of the integral
I(x, Xp) is the time of propagation for the light rays and
the change in potential energy for SD curves on a PES.

The mathematical analogy between both models, GO
and IRC, opens the question of the possible application of
stigmatic transformations and Maxwell’s theorem [4] to
narcissistic reactions [2], a particular case of chemical
reactions that are equivalent to a pure reflection in a fixed
mirror plane. Narcissistic reactions cover, but are not
restricted to, the vast majority of enantiomerizations.
Exceptions are those enantiomerization reactions in which
reactants and products are related by an S, axis. The family
of narcissistic reactions includes also a wide variety of
automerizations such as the Cope rearrangement. Although
in certain cases the mirror plane relating reactants and
products coincides with a symmetry plane of the reactants
(or products), this is not a necessary condition.

To apply the concepts described above to a narcissistic
reaction, let us consider an IRC path xrc(#'), which con-
nects the points X, = Xrc(#y) associated to the reactant and
X1s = Xrc(fts) associated to a first-order saddle point
(Figs. 1, 2). For a narcissistic reaction, as stated above, the
minimum energy configuration associated to products X/, is
related to that of the reactants x, by a reflection in a fixed
mirror plane. Let us define the path joining the transition
state with the product configuration as the image of the IRC
path, Xirc(?). As discussed by Salem [2], there are two
possibilities for narcissistic reactions. If there is a single
transition state joining reactants and products, the reaction
is said to proceed via a synchronous process (Fig. 1). If, on
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Fig. 1 The IRC path for a synchronous enantiomerization process
projected in the two-dimensional space defined by two antisymmetric
coordinates (o, and a5). The line indicates the IRC curve connecting
the two points x, and xb, corresponding to reactants and products. A
general point at the path and its mirror image (x and x") and the
achiral transition state (TS*) are also indicated

0
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Fig. 2 The IRC paths for a nonsynchronous enantiomerization
process projected in the two-dimensional space defined by two
antisymmetric coordinates (o; and o). The lines indicate the IRC
curves connecting the points x, and x'y, corresponding to reactants
and products. A general point (x and x') and the enantiomeric
transition states (TS and TS") are also indicated

the contrary, there are two independent, but symmetry-
related, pathways joining reactants and products with two
distinct, but symmetry-related, transition states, the process
is said to be nonsynchronous (Fig. 2). Notice that for a
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narcissistic reaction the end point of each IRC curve,
Xirc(?p), must coincide with the image of its starting point:
Xre(ly) = X0-

Let us now assume that it is possible to find a stigmatic
transformation from a point Xjgc to a point x'[zc. In this
case, the coordinates Xprc and X}Rc are related through
XIre = q(Xrc), with q being a transformation function
which is assumed to have the inverse form. According to
the theory of calculus of variations (CV) [7], the value of
integral (Eq. 1) evaluated on an extremal curve, in the
present case either the xjgc or X{RC paths, equals the value
of the integral evaluated on a total differential form:

t

t
/ F(XRc, Xire)df' = / VI (F(xre, Xire) ) Xred?

fo fo
t

13
= /gT(XIRC)XIRCdl/ = /Vz(V(XIRC))XIRCdt/
1

fo 0
X

- / VT (V(ximc)dxire @)

X0

where V,'(F(X[Rc, XIRC) = g(XIRC) = VXV(X[Rc) is needed
in order to construct the differential form as required. Since
in equality (Eq. 2) the last integral does not depend on the
choice of the curve joining the points X, and x, and X, is a
fixed point, then it is only a function of the final point X,
and we can write,

/XV,f(V(XIRc))dXIRC :/XV,{(V(XA))dxA

X0 X0
X v
= /gT(xA)dxA = /dV =v—
X0 Vo

(3)

with v = V(x) and vg = V(Xg). In this expression, the
second integral is evaluated along an arbitrary path, x,(¢),
embedded on the PES and joining points x, and x as the
IRC curve does. From a geometrical point of view, Eq. 3
means that at each point of the IRC curve it transverses
orthogonally the family of contour lines, V(x) = constant
[6]. Proceeding in the same way for the transformed IRC
path we arrive to

t v

/F(X%RC,X%RC)d/ = /dV = - v}) 4)

1

1
0 Vo

where v' = V(x') and V', = V(x}). From all the consider-
ations above we say that the reactant point, X,, and the
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product point, x5, which is the mirror image of the reactant
point in a narcissistic reaction, are conjugate points. In
other words, integral (Eq. 1) evaluated along any extremal
curve, either IRC or SD, connecting points, X, and x(I) has
the same value.

The transformation X%RC = ((Xrc) should satisfy the
requirement that both curves, Xrc and X{RC, transverse
orthogonally the family of contour lines, V(x) = constant,
belonging to the PES, and this behavior is achieved if the
next set of equalities is satisfied

t t

/F(XiROX%RC)df —/F(XIRC,XIRc)dt'

fo fo
t t

= / gT(X}RC)X%RCle_ / g’ (Xire ) Xred? (5a)

fo Iy

since the two first integrals are evaluated along the IRC
paths, their values coincide with the value of the integrals
computed along a total differential form. Now, we
substitute the derivative with respect to ¢ of the
transformation Xigc = q(Xrc) in the first integrand of the
right hand side part of Eq. 5a

t t
/ g’ (Xirc) (Vxq" (Xire)) Xircd? — / g’ (Xre)Xrcd?

fo fo
X

= / [g" (xire) (Vxq" (xirc)) — 8" (xirc)|dxire ~ (5b)

Xo

the first term within brackets of the integrand of the right
hand side part of Eq. 5b is the transformation of g(Xlre) to
the new coordinates. Finally, the last integrand can be
written as

t

/ VIW (xire)dxire = / VIW (xire ) Xired?
X0 fy

1

- / (dW (x4)/de')d?

0]
W(x)

_ / AW = W(x) — Wo = (' —vh) — (v —vo) (5¢)

Wo

where W(x) is a function such that dW(x)/dt is a total
derivative, since in this way the last integral does not
depend on the curve that is chosen for integration, which
implies that the last equality is satisfied. In other words, the
transversality condition is fulfilled. If we differentiate W(x)
in Eq. 5 with respect to ¢ at / = ¢, we have
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where X = [V(q(x))"]x transforms the tangent vector, ¥/,
at point x! of the XIIRC curve into the image tangent vector,
X at point X on the xjrc curve. This relation is satisfied for
each point on any IRC curve, and by extension on any SD
curve, connecting points X, and xj. In Eq. 6 if we change
x by &x, which being ¢ either a positive or negative
number, we obtain (VXW(X))T x =0, implying that,
W = constant = W,. With this result and Eq. 5, we have
W(x) - Wo =0 = (v' = v!g) = (v — vp). Finally, the above
relation between tangent vectors of both IRC curves gives
the relation between gradient vectors of the PES at each
point on those IRC curves:

g(x') =% = [Va(q(x))"]x = [Vx(q(x))"]g(x) (7)

Taking into account all the results obtained above, in the
IRC model, we have a transformation of the coordinates,
Xire = q(Xirc), that has the stigmatic character. In other
words, integral (Eq. 1) evaluated from the reactant point to
its image point, the product point, or vice-versa, is a constant
equal to zero, because according to Eq.5 vy — vy =
— (v — Vo), implying that vy = v§. Furthermore, we can
say that

t

t
/F(X%RC’ XiRC)dl/ = / F(Xch, X[Rc)dl‘/

:(VI — v{)) =(v—) (8)

which tells us that the variation of the PES function,
V(x) — V(xp), through an IRC curve (optical length of a
ray path in GO), equals the variation through its image
IRC curve. These results prove the formulation of
Maxwell’s theorem in the context of the IRC path
theory.

Finally, we say that the transformation X}RC = (Xrc)
and V,V(xire) = g(Xire) = [Vx(@(xire)'] V:V(Xire) =
[V(q(Xxire)) "] g(X1re) is a canonical transformation of the
variational problem under consideration, because it pre-
serves the total differential form given in Eq. 5, with W
being the generating function of this canonical transfor-
mation [7]. In particular, the transformation of the set of
coordinates associated to a chiral structure should preserve
this requirement if the IRC model is valid to describe
its enantiomerization mechanism through narcissistic
pathways.

The above canonical transformation applies to any
narcissistic reaction independently if it proceeds through a
synchronous (Fig. 1) or a nonsynchronous (Fig. 2) process.
Nevertheless, in the first case, the application of the afore
results leads to some particularities that are worth men-
tioning here. The MEP for a synchronous narcissistic
reaction is described by a set of coordinates such that a
subset of them are antisymmetric and become zero simul-
taneously at some point along the path [2]. The point where
the antisymmetric coordinates become zero is in the mirror
plane and this becomes the plane of symmetry for the
reaction. The curve associated to the MEP thus passes
through the mirror (see Fig. 1). According to the previous
discussion, we take as a representation of this MEP an IRC
curve that connects the points x, and x', and the trans-
formation X%Rc = ((Xrc) is a linear transformation with
respect to Xjrc. In more detail, X%Rc = Q Xirc, Where Q is
a matrix satisfying the reflection condition imposed by the
mirror and being independent of x. Since this IRC path
goes through a mirror, there exists a point where xjgc = Q
Xre, Which means that a subset of coordinates becomes
zero at this point of the IRC path. It is easy to see that due
to the nature of matrix Q, this subset corresponds to the
antisymmetric coordinates. The point where Xjrc = Q Xirc
must thus lie on the mirror. Applying Eq. 7 to this point,
we obtain X%RC = VXV(X[Rc) = QTVX(XIRc) = QTXIRC7
and this equality is satisfied only when V, V(xrc) = 0.
With this result, we conclude that for synchronous narcis-
sistic reactions the mirror must be necessarily located at a
stationary point of the IRC path joining X, and x§. Since it
lies on the mirror reflecting products and reactants, this
stationary point must necessarily correspond to an achiral
structure. We deduce thus from a strict application of the
theory of CV that for synchronous narcissistic reactions,
the point of the IRC path where the antisymmetric coor-
dinates become zero must necessarily correspond to an
achiral stationary point on this path.

3 Some illustrative examples: comparison of the
enantiomerization mechanisms for [S]helicene
and 1-hydroxy[4]helicene

All the calculations of the examples presented and dis-
cussed in this section were performed using the AMI
molecular orbital model and the UHF wave function [8].
This semiempirical method is, in our opinion, sufficient
for our purposes, because in this work our interest is
focused on the global features of the PES and not in a
detailed description of the geometry and the energy of
each individual configuration. Moreover, the AM1 method
has been shown to be adequate to study the enantiomeri-
zation of [n]helicene compounds [9, 10]. The IRC path
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was located employing the algorithm of Gonzalez and
Schelegel [11] as implemented in Gaussian [12] and
GAMESS [13] codes.

Some enantiomerization rearrangements such that the
transformation occurs through chiral pathways have been
described in the literature (see, e.g., Ref. [14] and refer-
ences therein). Recently, we have proposed such a
mechanism for enantiomerization of 1-triptycyl[3]helicene
[15], where the rotation of the triptycyl fragment is hin-
dered by the [3]helicene fragment, which acts as a more or
less stiff pawl. These two fragments are linked through a
C—C bond that can be seen as an axle. Although the ideas
exposed above may be applied to this example, to illustrate
the concepts developed in the last section in a clear way,
we will focus on a much simpler case and we will study the
enantiomerization of [S]helicene as an example of syn-
chronous narcissistic reaction and the enantiomerization of
the related 1-hydroxy[4]helicene as an example for the
nonsynchronous case. Visualization of the MEPs (repre-
sented by IRC curves) for these two rearrangements will be
done using a reduced two-dimensional PES characterized
by two antisymmetric coordinates that imply significant
changes along the enantiomerization path. On one hand,
each point on reduced two-dimensional PES has been
obtained by minimizing the energy of the molecular
structure considering the whole N-dimensional PES while
freezing the two antisymmetric coordinates that have been
chosen to define the two-dimensional PES. On the other
hand, the IRC paths have been computed using the full
N-dimensional PES and afterwards projected on the
corresponding reduced two-dimensional PES. The two
antisymmetric coordinates used in each case have been
carefully chosen to force the projection of the IRC path to
be a regular curve in the chosen two-dimensional subspace.

A convenient tool to highlight the different nature
(chiral or achiral) of the enantiomerization paths for these
transformations is to monitor the changes in chirality
contents of the molecule along the reaction path using
continuous chirality measures (CCM) [16—19]. The evalu-
ation of the chirality content of an object (a molecular
structure) described by a set of vertices requires finding the
closest achiral structure. In the CCM formalism, this chi-
rality contents is defined as the minimal distance that the
vertices of the object (the nuclei in a molecule) have to be
shifted to attain the desired achiral symmetry. Formally,
given a chiral structure Q formed by M vertices with
coordinates given by vectors {q,-},-le, to calculate
the CCM one must first find the set of vectors {p;};-,
defining the nearest achiral structure. The CCM is then
obtained as

M 2
CCM(Q) — min Ei:l |ql pl|

x 100 9
{1 ,--Pu} Z?il lq; — (I0|2 ?)
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where q is the position vector of the geometric center of
the analyzed structure Q, the denominator is a mean square
normalization factor, and the factor 100 is introduced for
convenience. The bounds for the continuous -chirality
measure are 0 < CCM(Q) < 100. If a structure is achiral,
then CCM(Q) = 0 and the CCM increases as its chirality
content increases.

Let us now start our discussion by analyzing the enan-
tiomerization process for the simpler case of [S5]helicene
(see Fig. 3). The minimum energy structure for this mol-
ecule corresponds to a nonplanar disposition of the five
condensed benzene rings, which are angularly annulated
resulting in a chiral helical staircase (clockwise or coun-
terclockwise) as found in experimental studies [20]. The
minimum in the PES, x(, and its mirror image, XIO, corre-
spond to these chiral helices structures. For this case, the
transition state corresponds to a structure with Cg symme-
try. The symmetry plane of this transition state structure is
not the molecular plane for a hypothetical planar structure
(let us name it as the equatorial plane) but an axial plane
perpendicular to it (see Fig. 3). Although any mirror plane
relating the two minima X, and X, can be used to analyze
the reaction path for the enantiomerization using two
antisymmetric coordinates, it is only using the symmetry
plane of the transition state (if present) that it is possible to
obtain a simple two-dimensional representation of this
synchronous narcissistic reaction (as shown in Fig. 1). To
illustrate this fact, we have used both the axial and the
equatorial plane as a mirror plane to describe the enan-
tiomerization process for [S]helicene. First of all, it is
necessary to choose two antisymmetric coordinates for
each of the selected planes. In Fig. 4, we define three
internal coordinates for [S]helicene (three dihedral angles,

Xo TS Xl

Fig. 3 The enantiomerization of [S]helicene represented by the
action of the symmetry plane, which is taken as a mirror plane. The
two coordinates used to represent the two-dimensional reduced PES
reported in Fig. 5 are antisymmetric with respect to this plane
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Axial

plane

¢,=X-A-B-Y @,=C-D-E-F
¢;=G-H-B-A

Fig. 4 The two antisymmetric coordinates with respect the axial
plane (dihedral angles ¢, and ¢) chosen to represent the two-
dimensional reduced PES of [S]helicene (Fig. 5). The third coordinate
(dihedral angle ¢3) is not antisymmetric with respect the axial plane.
All the three coordinates are antisymmetric with respect to the
equatorial plane. When this latter is used as a mirror plane, ¢, and @3
are chosen to represent the two-dimensional reduced PES (Fig. 11)

Fig. 5 The reduced PES and the IRC path of the enantiomerization of
[S]helicene described using an axial mirror plane to define the two
antisymmetric coordinates ¢; and ¢, (given in Fig. 4). The thin black
lines are the contour lines of the PES V(x) = v. The black line is the
IRC curve and the flat black lines are the subarcs of IRC curve that
joins the points X, and x and the corresponding image points x{ and x".
In both subarcs, the “travel” potential energy is, v — vg = v' — v\
This potential energy difference coincides with the value of the
integral (Eq. 1) evaluated along this subarc of the IRC curve. See text
for more details

;) including two antisymmetric coordinates with respect
to the axial plane (¢, and ¢,) and two antisymmetric
coordinates with respect to the equatorial plane (¢; and
@3). The choice of these coordinates is arbitrary, because

any other pair of antisymmetric coordinates would lead to
qualitatively similar results.

Let us start our analysis with the first choice, that is, we
select the axial plane as the mirror relating reactants and
products. The reduced PES with the projected MEP curve
represented as the IRC path for the [5]helicene case using
@1 and ¢, to construct the reduced two-dimensional PES is
shown in Fig. 5. The thin bold lines correspond to the
contour lines of the reduced PES, while the bold line
indicates the MEP connecting the two minima (X and its
mirror image xo). The heavier lines in Fig. 5 indicate the
segment of the IRC curve joining the minimum energy
configuration X, and an arbitrary point X on the Xjgc curve
or points xp and x' on its image curve, x'[rc. For each pair
of points X%Rc and xrc on these two subarcs of the MEP,
there is a relation Xjrc = Q Xre, With Q having the fol-
lowing form

Iyo 00
Q= 0 -1 0 (10)
o 0 -1

where Iy_, is the unit matrix of dimension (N — 2) x
(N — 2), and 0 a zeroed vector of dimension N — 2, with N
being the number of internal coordinates (the dimension of
the full PES; 102 for [S]helicene). The last two diagonal
elements of matrix Q are related to the antisymmetric
coordinates that have been chosen to represent the reduced
two-dimensional PES. Notice that Q is independent of x. It
is easy to prove through Eq. 6 that the transformation,
Xirc = Q Xirc, and, g(xirc) = Q" g(Xirc), where Q is the
matrix given in expression (Eq. 10), is canonical. In more
detail, since QTQ = I and QY = Q, where I is the unit
matrix in the N space, then

f(xirc) =v/ 8" (Xirc)8(XrC) = \/ 2" (xirc)QQ" g(xirc)

=y/g" (X{RC) g (X{RC) =f (X{RC)

(11)

Applying the same algebraic manipulation to the term
(XITRCXIRC) , we obtain as desired that F (X%RC, X%RC) =

F(Xre, Xre), for each pair of points Xjrc and X' gc on the
IRC path. Because of the independence of Q with respect
to x and to the fact that the IRC passes through the mirror
plane characterized by Q, there must be a point on the IRC
curve satisfying Xjrc = Q Xirc, Which implies that the
coordinates used to represent the reduced PES must
become zero at this point. Regarding the PES, the point
where the antisymmetric coordinates become zero is just a
first-order saddle point of the PES, denoted by TS, as was
proved in the previous section. In addition, since the two
antisymmetric coordinates become zero at the TS point, it
must correspond to an achiral molecular structure. For this
reason, in this case, the TS point must coincide with its
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Fig. 6 The AMI energy and the chirality measure (CCM) along the
IRC path for the enantiomerization of [S]helicene. Both values are
symmetric with respect to the transition state (S = 0), since the mirror
image of each point in the left side (S < 0) corresponds to a point of
the IRC path in the right side (S > 0). The transition energy (S = 0
and maximum energy) also corresponds to a CCM minimum, since it
is an achiral structure (CCM = 0)

image, TS'. In others words, the IRC path passes through a
mirror located at the TS point. It is interesting to analyze
the variation of the energy and the chirality along the MEP
(Fig. 6). It is easy to see that the enantiomerization
proceeds via an achiral path (a path where there is at
least one point for which CCM = 0) [18]. In this case, this
achiral point coincides precisely with the achiral transition
state that is denoted by TS* in Figs. 3 and 5. Note also that
in Fig. 6 both the variation of energy and CCM from the
reactant to the transition state is the mirror image of the
variation from the product to the transition state.

All these results show clearly that the enantiomerization
of [S]helicene occurs by a narcissistic synchronous mecha-
nism. Of course other SD curves linking X, and x', (without
the category of the IRC one, that is, that do not include the
transition state) may exist. These curves exhibit also the
features described for the IRC, namely, each SD curve will
have a point where the antisymmetric coordinates become
zero; nevertheless, according to the reaction path (RP)
model, these SD paths have no physical significance. If we
consider, however, both the IRC and this set of SD paths
joining points X, and xo, the resulting picture is then
equivalent to that given by the propagation of light rays
satisfying the requirements of a stigmatic transformation
and Maxwell’s theorem of GO. In other words, all these
extremal paths, the set of SD paths plus the IRC one,
emerging from point x, with PES value v, and arriving to
point x4, with PES value vp, do not “enlarge the image,”
since for all of them vy — vj = 0.

Before using the equatorial plane as the mirror plane in
the case of [S]helicene, let us analyze the example of the
enantiomerization process for the related 1-hydroxy([4]
helicene molecule (see Fig. 7), whose minimum energy
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Fig. 7 The enantiomerization of 1-hydroxy[4]helicene represented
by the action of an equatorial mirror plane. The two coordinates used
to represent the two-dimensional reduced PES reported in Fig. 9 are
antisymmetric with respect to this plane

Equatarial

plane

§co=C-B-A-0  ¢,=X-D-B-0

Fig. 8 The two antisymmetric coordinates with respect to the
equatorial plane (dihedral angles ¢co and @op) chosen to represent
the reduced PES of 1-hydroxy[4]helicene (Fig. 9)

structure is a chiral helical staircase (clockwise or
counterclockwise) as found for [S]helicene. The enantio-
merization process is however qualitatively different; in
this case the enantiomerization does not proceed via any
achiral structure, since no point of the reaction path
(including the transition state) has a symmetry plane.
Consequently, there is no preference for any specific mirror
plane, and the equatorial plane has been chosen to define
the antisymmetric coordinates, because it is the only one
that could become a symmetry plane in a hypothetical
planar structure (Fig. 7). The two antisymmetric coordi-
nates (described in Fig. 8) have been selected to represent
both the disposition (clockwise or counterclockwise) of the
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full structure, @yo, and the relative position of the oxygen
atom, @co.

Regarding the two-dimensional reduced PES shown in
Fig. 9, we can see that now we find two MEPs represented
by IRC curves connecting reactants X, and products X that
correspond to the two minimum energy enantiomers of
1-hydroxy[4]helicene. For this case, none of these two
paths contains a point such that the two antisymmetric
coordinates go simultaneously to zero. According to Salem
[2], the latter result is a sufficient condition to conclude that
the enantiomerization occurs through a nonsynchronous
narcissistic process. In this case, when applying the trans-
formation xigc = Q Xre, the transformed point XIrc does
not fall on the same IRC path that contains xjrc. Each point
of the Xrc path has an image point in the Xjgc path, and
both paths are different having only the starting and the
ending points (X, and X,') in common. It is easy to see that
there are no points of the MEP falling on the mirror, and
for this reason, we find two different transition states TS
and TS' for the reaction: TS is the first-order saddle point
for the xjrc path, whereas TS' is the first-order saddle point
for the x'|gc path, but according to the results of the pre-
vious section we must have vrg = vITSI and vy = vy These
facts lead us to the conclusion that the two transition states
TS and TS' found for this reaction must be enantiomers. In
other words, we have not found any point of the reaction
path such that the equality xjrc = Q Xjrc was fulfilled.

Puo N/ Xo

T8 .

Pco ()

Fig. 9 The reduced PES and the IRC path of the enantiomerization of
1-hydroxy[4]helicene. The description of the antisymmetric coordi-
nates is as given in Fig. 8. The thin black lines are the contour lines of
the PES, V(x) = v. The black lines are the IRC curves connecting the
minima points X, and XIO, and the flat black lines are subarcs of these
IRC curves. One of this subarc joint the points Xy, and x and the
corresponding image is the subarc that connects the points, xj and x',
and belongs to the image IRC curve. In both subarcs, the “travel”
potential energy is, v — vo = v' — vo'. This potential energy differ-
ence coincides with the value of the integral (Eq. 1) evaluated along
this subarc of the IRC curve. The total “travel” potential energy of
each IRC curve coincides, which means that not “enlargement” of the
energy potential is produced going from the point X, to X' or vice-
versa. See text for more details
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Fig. 10 The AM1 energy and the chirality measure (CCM) along the
IRC path for the enantiomerization of 1-hydroxy[4]helicene through
the 7§ transition state (see Fig. 9). Curves are not symmetric with
respect to the transition state (S = 0). The mirror image of each point
in this path corresponds to a point of the other IRC chiral path
(through the TS' transition state in Fig. 9). The transition energy
(S = 0 and maximum energy) does not correspond to a CCM minima
and the CCM value never equals zero, since there is no achiral
structure along this path

Nevertheless, we emphasize again that between the paths
the relations X'jrc = Q Xre and v — vy = v' — vy are
satisfied at each point of the paths.

When analyzing the changes in the CCM along the two
paths (Fig. 10), we find that in this case the enantiomeri-
zation proceeds via a pair of chiral paths (the CCM never
drops to 0 along the path). Contrary to what was found for
the former case, the changes in the CCM along each
individual path do not show now the mirror symmetry
around the transition states; it is however easy to see that
the change in CCM when going from the reactant to the
transition states; along one of the two paths is exactly the
same as when going from the product to the transition state
along the other path.

As in our other example, other SD paths emerging from
point X, and arriving to point X', may exist on the full PES,
and each one has an image SD curve associated with it, but
as in the previous case, according to the RP model, it is not
possible to assign any physical significance to this set of
curves. Nevertheless, if one considers both types of paths
together, the resulting picture of the PES is again equiva-
lent to that given by the propagation of light rays moving
through an isotropic medium satisfying the requirements of
stigmatic transformation and Maxwell theorem [4]: the set
of paths does not enlarge the “image” (vo = vOI).

The fact of having a nonsynchronous mechanism for a
narcissistic reaction is a necessary, but not sufficient,
condition for finding a pair of chiral paths, since the two
paths could reach an achiral point due to the existence of
either a reflection plane different from that relating reac-
tants and products chosen as the mirror plane or a higher
order improper axis. To illustrate this point, let us come
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@5 (7)

@, ()

Fig. 11 The reduced PES and the IRC path of the enantiomerization
of [5]helicene described using an equatorial mirror plane to define the
two antisymmetric coordinates ¢; and @5 (given in Fig. 4). The thin
black lines are the contour lines of the PES, V(x) = v. The black lines
are the IRC curves connecting the minima points X, and xb, and the
flat black lines are subarcs of these IRC curves. One of this subarc
joints the points xo and x and the corresponding image is the subarc
that connects the points, xp and x', and belongs to the image
IRC curve. In both subarcs, the “travel” potential energy is, v — vy =
v' — v, This potential energy difference coincides with the value of
the integral (Eq. 1) evaluated along this subarc of the IRC curve. The
total “travel” potential energy of each IRC curve coincides, which
means that no “enlargement” of the energy potential is produced
when going from the point X, to X' or vice versa. See text for more
details

back to the enantiomerization of [5]helicene (Fig. 3). As
shown before, if the symmetry plane of the transition state
(the axial plane) is chosen as the mirror plane to define the
coordinates describing the [S]helicene enantiomerization,
the two-dimensional map of the reduced PES and the
reaction path projection appears as a synchronous process
(Fig. 5), with an achiral transition state in the origin of the
antisymmetric coordinates axes. On the contrary, if any
other plane is chosen (e.g., the equatorial plane) as the
mirror plane (antisymmetric coordinates ¢, and ¢ defined
in Fig. 4), the two-dimensional representation (Fig. 11)
looks like that found in the case of 1-hydroxy[4]helicene
(Fig. 9). However, as seen before, when analyzing the
changes in the CCM along the reaction path (Fig. 6), it is
clear that the enantiomerization proceeds via an achiral
path (CCM equals zero for transition state and the variation
of the CCM starting at the reactant is the mirror image of
the variation of the CCM starting at the product). So,
although in the map constructed using the equatorial mir-
ror plane we apparently find two different transition states
as in the case of 1-hydroxy[4]helicene, in fact, they both
correspond to a single achiral transition state, TS*. The
dual projection in the two-dimensional PES for this TS*

@ Springer

raises from the fact that the coordinates used are not anti-
symmetric with respect to its symmetry plane. In fact, these
two points on this two-dimensional particular map are not
only related by the mirror plane but also by a C, rotation
axis. We have included this example to show that a careful
symmetry analysis is essential to choose the proper map for
establishing the nonsynchronicity of a narcissistic reaction.
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